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Dynamical Systems
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Borel Systems

• (X,X ) is a standard Borel space:

– X is a complete separable metric space.

– X is the Borel �-algebra.

• S : X ! X is a Borel automorphism:

– S is a bimeasurable bijection, i.e.

S�1X := {S�1
: E 2 X} = SX = X .

(X,S) Borel system

P(X) = {µ : X ! [0, 1] invariant (Borel) probability measure}



(X,S) Borel system

Pn := {x 2 X | Sn(x) = x} Pn := |Pn|

Periodic points and dynamic zeta function

Period := gcd{n | Pn 6= 0} = 1

P =
[

n�1

Pn

⇣(z) = exp

0

@
X

n�1

Pn

n
zn

1

A

Free(X) := X \ P(X)



Markov chains



Symbolic dynamical systems

(⌃,�) Markov shift

A =

 • �
• 1 1

� 1 0

!

Strongly connected digraph

G = (V,E)

E ⇢ V 2

Adjacency matrix

2 MV⇥V {0, 1}

�(x)n = xn+1 8 n 2 Z

x =

�(x) =

� : ⌃ ! ⌃

⌃ := {x = (xn)n2Z 2 V

Z | A(xn, xn+1) = 1 8 n 2 Z}

�•



CANTOR



(⌃,�) Markov shift

A =

 • �
• 1 1

� 1 0

!
G = (V,E)

E ⇢ V 2
2 MV⇥V {0, 1}

⇣(z) =
1

det(I � zA)
=

1

1� z � z2

� := Spectral radius of A

Radius of convergence of ⇣(z) is
1

�

Symbolic dynamical systems

Entropy: h(X) := log �

�•

Strongly connected digraph Adjacency matrix



A =

 • �
• 1 1

� 1 0

!
�•G = (V,E)

E ⇢ V 2
2 MV⇥V {0, 1}

Symbolic dynamical systems

P =

 • �
• 1/3 2/3

� 1 0

!

⇡P = ⇡

Stationary distribution

1/3

2/3

1

(⌃,�, µ) Markov chain

88�3
x

y
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d(x, y) =
1
24

= 1/16

�4�4
Transition matrix

v1 v2 v3 v4 vn

µ([v1v2 . . . vn]) = ⇡v1Pv1,v2Pv2,v3 . . . Pvn�1,vn

Strongly connected digraph Adjacency matrix



Symbolic dynamical systems

Loop systems

f(z) =
��

n=1

fnzn ⇣f (z) =
1

1� f(z)



Borel systems

X
S����! X

�

??y
??y�

Y ����!
T

Y

 

Homomorphisms

• � : X ! Y

• � � S = T � �

Classification

(X,S) (Y, T )



• � : X ! Y

• � � S = T � �

Classification

(X,S) (Y, T )

• Defined on “full sets” (almost Borel) 

• Measurable (Borel) 

• Continuous a.e. (Finitary) 

• Continuous 

• Etc.

• Injective (Embeddings) 
• Surjective (Factors) 
• Bijective (Isomorphisms)

Borel systems

Homomorphisms



• � : X ! Y

• � � S = T � �

Classification

(X,S) (Y, T )

µ(A) = 1 8µ 2 P(X)

A ⇢ X is full if

it is invariant and

Borel systems

Homomorphisms

• Defined on “full sets” (almost Borel) 

• Measurable (Borel) 

• Continuous a.e. (Finitary) 

• Continuous (Conjugacy) 

• Etc.

• Injective (Embeddings) 
• Surjective (Factors) 
• Bijective (Isomorphisms)
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Almost Borel universality of Markov shifts

• (X,X , S) sistema de Borel

• (⌃,�) shift de Markov mixing

• h(X,µ) < h(⌃) 8 µ 2 P(X)

9
>>>>=

>>>>;

) X
aB
,! ⌃

• (X,S) Borel system

• (⌃,�) aperiodic Markov shift

• h(X,µ) < h(⌃) 8 µ 2 P(X)

Theorem (Hochman, 2013) Markov shifts are almost Borel universal:



• (X,X , S) sistema de Borel

• (⌃,�) shift de Markov mixing

• h(X,µ) < h(⌃) 8 µ 2 P(X)

9
>>>>=

>>>>;

) X
aB
,! ⌃

• (X,S) Borel system

• (⌃,�) aperiodic Markov shift

• h(X,µ) < h(⌃) 8 µ 2 P(X)

Almost Borel universality of Markov shifts

Measure theoretical entropy 
(Kolmogorov-Sinai entropy)

Topological entropy 
(Borel entropy)

Theorem (Hochman, 2013) Markov shifts are almost Borel universal:



Almost Borel universality of Markov shifts

• (X,X , S) sistema de Borel

• (⌃,�) shift de Markov mixing

• h(X,µ) < h(⌃) 8 µ 2 P(X)

9
>>>>=

>>>>;

) X
aB
,! ⌃

• (X,S) Borel system

• (⌃,�) aperiodic Markov shift

• h(X,µ) < h(⌃) 8 µ 2 P(X)

h(X,µ) = sup
Q partición finita y medible

hµ(X,Q)

hµ(X,Q) = lim
N!1

1

N
H

 
N_

n=0

S�nQ

!

H(Q) = �
kX

m=1

µ(Qm) logµ(Qm)

Q finite measurable partition

Q R

Q _R

Theorem (Hochman, 2013) Markov shifts are almost Borel universal:



Almost Borel universality of Markov shifts

• (X,X , S) sistema de Borel

• (⌃,�) shift de Markov mixing

• h(X,µ) < h(⌃) 8 µ 2 P(X)

9
>>>>=

>>>>;

) X
aB
,! ⌃

• (X,S) Borel system

• (⌃,�) aperiodic Markov shift

• h(X,µ) < h(⌃) 8 µ 2 P(X)

h(X,µ) = sup
Q partición finita y medible

hµ(X,Q)

hµ(X,Q) = lim
N!1

1

N
H

 
N_

n=0

S�nQ

!

H(Q) = �
kX

m=1

µ(Qm) logµ(Qm)

Q finite measurable partition

Kolmogorov-SinaiBorel

h(X) = sup
µ�P(X)

h(X, µ)

Theorem (Hochman, 2013) Markov shifts are almost Borel universal:



Almost Borel classification of Markov shifts

h(X,µ) = sup
Q partición finita y medible

hµ(X,Q)

hµ(X,Q) = lim
N!1

1

N
H

 
N_

n=0

S�nQ

!

H(Q) = �
kX

m=1

µ(Qm) logµ(Qm)

Q finite measurable partition

h(X) = sup
µ�P(X)

h(X, µ)

Theorem (Hochman, 2013) X and Y aperiodic Markov shifts:

�X
aB� Y

• h(X) = h(Y )

• ⇥ µmax(X) � ⇥ µmax(Y )

Kolmogorov-SinaiBorel



Almost Borel vs. Borel classification for Markov shifts

Theorem (Hochman, 2013) X and Y aperiodic Markov shifts:

�X
aB� Y

• h(X) = h(Y )

• ⇥ µmax(X) � ⇥ µmax(Y )

Theorem (Boyle, Buzzi, G. 2014)

X and Y aperiodic and exponentially recurrent Markov shifts:

�Free(X)
B⇡ Free(Y ) h(X) = h(Y )

M A G I C   W O R D   I S O M O R P H I S M S



Magic word isomorphisms

� : ⌃A ! ⌃B

• Both � and ��1
have magic words

• �µ = ⌫ and ��1⌫ = µ

(⌃A, µ) (⌃B , ⌫)Markov chains

�



Magic word isomorphisms

(⌃A, µ) (⌃B , ⌫)Markov chains

⌃B = {Machine Languaje}⌃A = {C programs}
��!

Magic word: ;

x = �(x) =

Compiler



Magic word isomorphisms

� : ⌃A ! ⌃B

(⌃A, µ) (⌃B , ⌫)Markov chains

Closed under compositions:

W W

U

W W

U



a

c

d

e

i

c

First return loop systems

1� f(z) =
det(I � zA)

det(I � zB)
=

⇣B(z)

⇣A(z)

• A adjacency matrix

• B results from A by removing row and column

c

��!



Magic word isomorphism problem

When are two Markov chains magic word isomorophic?

⌃P
MW⇡ ⌃Q ) (�P ,�P , c�P ,�P ) = (�Q,�Q, c�Q,�Q)

⌃P
MW⇡ ⌃Q ( (�P ,�P , c�P ,�P ) = (�Q,�Q, c�Q,�Q)

� = {wt(�) : � is a cycle}

� =
�

wt(�)
wt(��)

: �, �� are cycles of equal length
⇥

�(t) = Spectral radius(Pt)

c =
wt(�)
wt(��)

: �, �� are cycles and ⇤(�) = ⇤(��) + 1
The greeks

?



Magic word isomorphism problem

When are two Markov chains magic word isomorphic?

⌃P
MW⇡ ⌃Q ) (�P ,�P , c�P ,�P ) = (�Q,�Q, c�Q,�Q)

⌃P
MW⇡ ⌃Q ( (�P ,�P , c�P ,�P ) = (�Q,�Q, c�Q,�Q)

?

Maximal entropy

h(A) = h(B)⌃A
MW⇡ ⌃B (



Basic move

h(K) < h(F) ) F MW⇡ G

G = H⇥ Seq(K)F = H+K

F (z) = H(z) +K(z) G(z) = H(z)(1 +K(z) +K(z)2 + . . . )



Basic move

G = H⇥ Seq(K)F = H+K

F (z) = H(z) +K(z) G(z) = H(z)(1 +K(z) +K(z)2 + . . . )



Basic move

G = H⇥ Seq(K)F = H+K

F (z) = H(z) +K(z) G(z) = H(z)(1 +K(z) +K(z)2 + . . . )

K = Zn )

8
<

:

• Gk = Fk 8k < n

• Gn = Fn � 1



Loops blowing algorithm

gh0i(z) =
1X

n=1

gh0in zn

gh1i(z) =
1X

n=1

gh1in zn

gh1i(z) =
1X

n=1

gh1i
n zn

f h0i(z) =
1X

n=1

f h0i
n zn

f h1i(z) =
1X

n=1

f h1i
n zn

f h1i(z) =
1X

n=1

f h1i
n zn =

(1, 1, . . . , 1| {z }
R1

, 2, 2, . . . , 2| {z }
R2

, . . . ) (1, 1, . . . , 1| {z }
S1

, 2, 2, . . . , 2| {z }
S2

, . . . )



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Given 1  � < � there exist N � 0 and F,G 2 Z+[[z]] such that

• ⌃f
MW⇡ ⌃F and ⌃g

MW⇡ ⌃G

• |On(⌃F )| = |On(⌃G)| = 0 8 n < N

• |On(⌃f )|� |On(⌃g)| = |On(⌃F )|� |On(⌃G)| 8 n � N

• min{Fn, Gn} � �n 8 n � N



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Exponencial Recurrence

Transient:

Positive Recurrent:

Exponencial Recurrence:

Recurrent: f(1/�) = 1

f(1/�) < 1

f(1/�) = 1 &
1X

n=1

nfn/�
n < 1

lim sup
n!1

f1/n
n < �



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Exponencial Recurrence
f(z) =

��

n=1

fnznC

��1

| {z }

⇣f (z) =
1

1� f(z)

Analytic

Meromorphic

⇣f (z)



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Exponencial Recurrence

lim sup

����|On(⌃f )|� |On(⌃g)|
����
1/n

< �



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Exponencial Recurrence

lim sup

����|On(⌃f )|� |On(⌃g)|
����
1/n

< �� =

� < � < �



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Exponencial Recurrence

lim sup

����|On(⌃f )|� |On(⌃g)|
����
1/n

< �� =

N � 0 )
����|On(⌃F )|� |On(⌃G)|

����
1/n

 �n � 1



Magic word isomorphism

lim supS
1/n
n < �lim supR

1/n
n < �

Sn  gh0in 8n � 1

S1 < gh0i1
R1 < f h0i

1

Rn  f h0i
n 8n � 1

•

•

•

•

•

•

Exponencial Recurrence

Rn = max{0, |On(⌃F )|� |On(⌃G)|}

Sn = max{0, |On(⌃G)|� |On(⌃F )|}



Magic word isomorphism

Exponencial Recurrence

Rn = max{0, |On(⌃F )|� |On(⌃G)|}

Sn = max{0, |On(⌃G)|� |On(⌃F )|}



Magic word isomorphism

Exponencial Recurrence

Rn = max{0, |On(⌃F )|� |On(⌃G)|}

Sn = max{0, |On(⌃G)|� |On(⌃F )|}



Magic word isomorphism

Exponencial Recurrence

Rn = max{0, |On(⌃F )|� |On(⌃G)|}

Sn = max{0, |On(⌃G)|� |On(⌃F )|}



Magic word isomorphism

Markov chains

Exponential recurrence



Magic word isomorphism

Markov chains

Exponential recurrence

Other probabilistic regimes:

NR    and   TR



Shift Dominant Equivalence

⌃f
SDE⇡ ⌃g

9K � 0 such that 8 n � 0

fn  gn+K and gn  fn+K

SDE AIh

h

h

h

SDE

SDE

SDE

AI

AI

AI

=

�

=

=

�

�

�

�

SPR

PR

N

T

LZF h SDE AI��

h <�

h =�

MW

MW

MW

MW

ER



Shift Dominant Equivalence

SDE AIh

h

h

h

SDE

SDE

SDE

AI

AI

AI

=

�

=

=

�

�

�

�

SPR

PR

N

T

LZF h SDE AI��

h <�

h =�

MW

MW

MW

MW

ER

What is the asymptotic growth of 
sequence schemas of polylogarithm functions?



Shift Dominant Equivalence

What is the asymptotic growth of 
sequence schemas of polylogarithm functions?

Li↵(z) =
1X

n=1

zn

n↵

F (z) :=
Li↵,r(z)

Li↵,r(1)
and S(z) :=

1

1� F (z)
.

Theorem [     Ward, G. Monday]

[zn]S(z) ⇠ (1� ↵) sin(⇡↵)Li↵(1)n↵�2

⇡



Shift Dominant Equivalence

Theorem [     Ward, G. Monday]

[zn]S(z) ⇠ (1� ↵) sin(⇡↵)Li↵(1)n↵�2

⇡

SDE AIh

h

h

h

SDE

SDE

SDE

AI

AI

AI

=

�

=

=

�

�

�

�

SPR

PR

N

T

LZF h SDE AI��

h <�

h =�

MW

MW

MW

MW

ER

???

Catalog of asymptotic analysis of subcritical sequence schemas???



Shift Dominant Equivalence

Theorem [     Ward, G. Monday]

[zn]S(z) ⇠ (1� ↵) sin(⇡↵)Li↵(1)n↵�2

⇡





T H A N K    Y O U ! ! !


