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The	
  theorem	
  

•  Under	
  JS	
  condiIons	
  the	
  Poisson	
  generaIng	
  funcIon	
  

saIsfies	
  	
  

Also	
  

with	
  

€ 

f (z) = an
zn

n!
e−z

n
∑

€ 

an = f (n) +O( f (n) /n)

€ 

an = bij
= j=1

k+ i

∑
i=0

k

∑ ni f ( j )(n) +O(n−k f (n))

€ 

bij x
iy j = exp(x log(1+ y) − xy)

j
∑

i
∑

Related	
  to	
  Poisson-­‐Charlier	
  and	
  Laguerre	
  polynomials	
  



JS	
  condiIon	
  

•  (I)	
  In	
  a	
  cone	
  around	
  the	
  real	
  posiIve	
  axis	
  

•  (O)	
  Outside	
  the	
  cone	
  for	
  some	
  α<1	
  

– What	
  if	
  (O)	
  not	
  saIsfied?	
  
•  eg	
  

€ 

f (z) =O( z β ),  z →∞

€ 

f (z)ez =O(eα z ),  z →∞

€ 

an = (−1)n ,  f (z) = e−2z
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Extended	
  depoissonizaIon	
  

•  ExponenIal	
  dePo	
  
– Trie	
  size	
  normal	
  limiIng	
  law	
  

•  Diagonal	
  dePo	
  
•  Polynomial	
  cone	
  
– DST	
  path	
  length	
  limiIng	
  law	
  
– LZ	
  compression	
  redundancy	
  rate	
  

•  Double,	
  mulIple,	
  dePo	
  
–  Joint	
  Complexity	
  

€ 

an = E uSn[ ],  when u ≥1

€ 

an,n = E un
Sn[ ]

€ 

f (z) =O( z β ), when arg(z) ≤ C z δ

€ 

f (z1,z2) = an1 ,n2
n2

∑
n1

∑ z1
n1!

z2
n2!

e−z1 −z2



The	
  Closing	
  the	
  Loop	
  CL theorem	
  
•  The	
  JS	
  condiIon	
  is	
  strictly	
  equivalent	
  to	
  

CL	
  condiIon	
  
– The	
  sequence	
  an	
  has	
  an	
  analyIc	
  conInuaIon	
  
a(x)	
  such	
  that	
  

in	
  a	
  cone	
  around	
  the	
  real	
  axis	
  (not	
  necessary	
  
the	
  same	
  as	
  for	
  JS	
  condiIon)	
  and	
  

€ 

a(x) =O( x β ),  x →∞

€ 

f (z) = cij
= j=1

k+ i

∑
i=0

k

∑ zia( j )(z) +O(zβ −k−1)

€ 

cij x
iy j = exp(x(ey −1) − xy)

j
∑

i
∑With	
  (related	
  to	
  SIrling	
  number	
  2nd	
  kind)	
  



Consequence	
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Exemple:	
  entropy	
  computaIon	
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H(z) = pz log p + qz log(1− p) + f (pz) + f ((1− p)z)

€ 

f (z) = logn! z
n

n!
e−z

n≥0
∑



Proof	
  JS=>CL 

•  In	
  fact	
  the	
  easiest	
  way	
  of	
  the	
  proof	
  

€ 

an =
n!
2iπ

f (z)∫ ezz−n−1dz

€ 

a(x) =
Γ(1+ x)
2π

x −x f (xeiθ )exp((eiθ − iθ)x)dθ
−π

π

∫



Proof	
  JS=>CL	
  

•  Select	
  cone	
  such	
  that	
  	
  

€ 

a(x) =
Γ(1+ x)
2π

x −x f (xeiθ )exp((eiθ − iθ )x)dθ
θ +arg(x ) >θ1

∫

+
Γ(1+ x)
2π

x −x f (xeiθ )exp((eiθ − iθ )x)dθ
θ +arg(x ) ≤θ1

∫ € 

α x +π ℑ(x) <ℜ(x)
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  Analysis	
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θ1	
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a(x) =
Γ(1+ x)
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exp(−iθx)dθ
θ +arg(x ) >θ1

∫

+
Γ(1+ x)
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x −xexO( x β −1/ 2)

€ 

a(x) =
Γ(1+ x)
2π

x −x O(eα x )exp(−iθx)dθ
θ +arg(x ) >θ1

∫

+
Γ(1+ x)
2π

x −xexO( x β −1/ 2)
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a(x) =
Γ(1+ x)
2π

x −xO(eα x +πℑ(x ))
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Proof	
  CL=>JS	
  

•  Let	
  the	
  Laplace	
  transform,	
  defined	
  for	
  

– We	
  have	
  	
  

€ 

˜ a (ω) = a(x)e−ωxdx
0

∞

∫

€ 

ℜ(ω) > 0

€ 

f (z)ez =
1

2iπ
˜ a (ω )exp(zeω )dω

ε − i∞

ε + i∞

∫

ε	
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Proof	
  CL=>JS	
  CondiIon	
  (O)	
  

•  If	
  a(x)	
  is	
  xβ	
  in	
  a	
  cone	
  of	
  angle	
  θ0	
  we	
  have	
  

–  If	
  	
  € 

a(x) =
1

2iπ
˜ a (ω )exp(xω )dω

Lε

∫

ε	
  

θ0	
  

€ 

f (z)ez =
1

2iπ
˜ a (ω)exp(zeω )dω

Lε

∫

Lε	
  

€ 

ℜ(zeω ) ≤ α z ⇒ f (z)ez =O(eα z )

α	
  



Proof	
  CL=>JS	
  CondiIon	
  (I)	
  

•  Complex	
  z	
  in	
  a	
  cone	
  

– We	
  have	
  	
  

– EsImate	
  like	
  in	
  Flajolet	
  Odlyzko	
  € 

f (z) =
1

2iπ
˜ a (ω )exp((eω −1)z)dω

Cε

∫

ε	
  

θ0	
  

Cε	
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€ 

˜ a (ω) = O(ω−β −1),  when ω →0 in a cone

€ 

f (z) =O(zβ )



Conclusion	
  and	
  perspecIve	
  

•  Extension	
  to	
  mulIple	
  dePoissonizaIon	
  seems	
  
easy	
  

•  Work	
  to	
  do	
  for	
  
– diagonal	
  dePoissonizaIon	
  	
  
– ExponenIal	
  dePoissonizaIon	
  

•  More	
  work	
  to	
  do	
  for	
  
– Polynomial	
  cone	
  


