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Quicksort & Quickselect

O 0EE @008

@ choose a pivot element (p

@ partition into
o | small elements

o large elements

@ proceed recursively
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Quicksort

Dual Pivot Quicksort & Quickselect
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Dual Pivot Quicksort & Quickselect
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@ choose pivot elements 'p and g
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Dual Pivot Quicksort & Quickselect
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@ choose pivot elements 'p and g

@ partition into
o [small elements
o medium elements

o large elements
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Dual Pivot Quicksort & Quickselect

B0 EEEEE

@ choose pivot elements 'p and g

@ partition into
o [small elements
o medium elements

o large elements

<p p p<-<q | q q<--

@ proceed recursively
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Quicksort
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Average Number of Key Comparisons

@ partitioning
e “classical” ~» n—1

@ quicksort
e “classical” ~» 2nlogn — (2.84...)n+ O(log n)
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Quicksort
[e]e] e}

Average Number of Key Comparisons

@ partitioning
e “classical” ~» n—1

@ quicksort
e “classical” ~» 2nlogn — (2.84...)n+ O(log n)
o “Yaroslavskiy—Bentley—Bloch” ~» 1.9nlog n — (2.46 ... )n+ O(log n)

[Wild-Nebel 2012]
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Quicksort
[e]e] e}

Average Number of Key Comparisons

@ partitioning
e “classical” ~» n—1
o “optimal dual pivot” ~» 1.5n+ 0.25log n + O(1)

[Aumiiller-Dietzfelbinger 2014,
Aumiiller-Dietzfelbinger-Heuberger-K—Prodinger 2016]

@ quicksort

e “classical” ~» 2nlogn — (2.84...)n+ O(log n)
o “Yaroslavskiy—Bentley—Bloch” ~» 1.9nlog n — (2.46 ... )n+ O(log n)

[Wild-Nebel 2012]

e “optimal dual pivot” ~» 1.8nlogn —(2.38...)n+ O(log n)
[Aumiiller-Dietzfelbinger 2014,
Aumiiller-Dietzfelbinger-Heuberger-K—Prodinger 2016]
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Quicksort
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Overview

@ C, number of key comparisons
using multi-pivot quicksort
to sort a list with n elements

@ What is the optimal multi-pivot strategy?

@ Precise analysis of
expected value of C,?
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Optimal Partitioning
0000

Optimal Partitioning Strategy “Count”

@ comparison of element with pivots:

e seen more |smaller elements | ~~ smaller pivot [ p | first
e seen more larger elements ~- larger pivot [ g | first

e equality ~» choice: smaller pivot [ p | first

Multi-Pivot Quicksort Daniel Krenn, AAU Klagenfurt, Austria



Optimal Partitioning
0000

Optimal Partitioning Strategy “Count”

@ comparison of element with pivots:

e seen more |smaller elements | ~~ smaller pivot [ p | first
e seen more larger elements ~- larger pivot [ g | first
e equality ~» choice: smaller pivot [ p | first

o comparison trees:

p q
/\ / \
small ¢ P large

/\ / \

medium large small | medium
choose this tree if choose this tree if
#small | > #large #small | < #large
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Optimal Partitioning
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Probability Model

Input model
@ random permutation of {1,...,n}

o all n! permutations equally likely

@ random variables Sg, ..., Sy
“counting classified elements”
o e.g. d =2 (dual-pivot)

o So = #small
o 51 = #medium
o 5, = #large
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Optimal Partitioning
[o] JeJe)

Probability Model

Input model
@ random permutation of {1,...,n}

o all n! permutations equally likely

@ random variables Sy, ..., Sy
“counting classified elements”

o e.g. d =2 (dual-pivot)

o So = #small
o 51 = #medium
o 5, = #large

e uniformly distributed
with So +---+ Sy =n—d
o S; identically distributed
P(Si =s) = Ld(n—s—1)¢=L

@ urn model

Daniel Krenn, AAU Klagenfurt, Austria
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Optimal Partitioning
[o] JeJe)

Probability Model

Input model
@ random permutation of {1,...,n}

o all n! permutations equally likely

@ random variables S, ..., Sq4 @ random variables Sogk, ey Sdsk
“counting classified elements” “already classified elements
o e.g. d =2 (dual-pivot) in step k"
o So =|#small o uniformly distributed

with S5 4+ + S5 = k

o 51 = #medium ! ]
o P(next element is of type i

o 5, = #large s —
o uniformly distributed | (S5, 85 ) = (50, -, 54))
with So+---+Sqg=n—d s+l
o S; identically distributed Ck+d+1

P(Si =s) = Ld(n—s—1)¢=L

@ urn model
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Optimal Partitioning
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Optimality

Theorem (ADHKP 2016, ..., HK 2017)

@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies
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Optimal Partitioning
[e]e] Je]

Optimality

Theorem (ADHKP 2016, ..., HK 2017)

@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies

@ in step k
o already classified elements
e.g. d = 2 (dual-pivot)
@ sy = #small
@ s; = ##medium
o s = Hlarge
o classify next element

o classification tree t
@ F#comparisons
= depths h;(t) in tree t
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Optimal Partitioning
[e]e] Je]

Optimality

Theorem (ADHKP 2016, ..., HK 2017)

@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies

@ in step k @ conditional cost
o already classified elements e #comparisons to
e.g. d = 2 (dual-pivot) classify next element
@ sy = #small d si+1 Et(s)
@ s; = ##medium Zhi(t)k—i—d—i—l:k—i—d—l—l
i=0 ———

o 5 = #large conditional probability that

o classify next element next element is of type /
o classification tree t o with affine linear function £;(s)
@ F#comparisons

= depths h;(t) in tree t
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Optimal Partitioning
[e]e] Je]

Optimality

Theorem (ADHKP 2016, ..., HK 2017)

@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies

@ in step k @ conditional cost
o already classified elements e #comparisons to
e.g. d = 2 (dual-pivot) classify next element
@ sy = #small d si+1 Et(s)
@ s; = ##medium Zhi(t)k—i—d—i—l:k—i—d—l—l
i=0 ———

o 5 = #large conditional probability that

, | bability tha
o classify next element next element is of type /

o classification tree t o with affine linear function £;(s)
° #fcomparisons @ de-condition (summing up)
= depths h;(t) in tree t

@ choose tree T; =t
such that /;(s) is minimal
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Optimal Partitioning
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Optimal Partitioning Strategy with Three Pivots

S1 2> 53
s> +s3+1

SH+s3+12> 5
s1+s+12> 5
s1+s+1>s3
So+s1+1>s3

s3>sp+s1+1
> 5

so>s1+s+1 0
s3> 81 N
SO=S3 N

S0 2 S 7\
1
S3 2> Sp /N
2
s32>51+s+1 /N

comparison trees & polyhedra minimizing £¢(s) = 3> o hi(t)(s; + 1)

Multi-Pivot Quicksort
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Analysis of Partitioning
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Expected Partitioning Cost

@ from optimality

n—d—1
E(P,) > E(P}) = )+ > ) S tri(s)
k=0 k +d+ 1 seNk
—_————
=3 3 [s€C le(s)
tET sEN ~—~

=3¢ g hi(0)(s+1)




Analysis of Partitioning
[ JeJe]e}

Expected Partitioning Cost

@ from optimality

n—d—1
E(P,) > E(P}) = )+ > ) S tri(s)
k=0 k +d+ 1 seNk
—_————
=3 3 [s€C le(s)
tET sEN| ~—~

=3¢ g hi(0)(s+1)

@ generating function P(z) =} -, E(P,) 2" satisfies

1 d ‘a
(dd_z)d+ (A=2)P() =dy_ > (1)) D [s€C(si+ 1)z = R(2)

teT i=0 k>0 seNk
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Analysis of Partitioning
[ JeJe]e}

Expected Partitioning Cost

@ from optimality

n—d—1
E(P,) > E(P}) =E(Q)+ 3 = > ()
k=0 (k + d + 1 seNk
———
=3 3 [s€C]le(s)
tET sEN ~—~

=3¢ g hi(0)(s+1)

@ generating function P(z) =} -, E(P,) 2" satisfies

1 d ‘a
(dd_z)d+ (L=2)P@) =d' Y D> h()> > [seC](si+1)z" =R(2)

teT i=0 k>0 seNk

= 5 (sr+1)enT
sECt

~5 62,
] Gt,i(yaz) :yHt(z,...,z,zy,z,...,z)

with Hi(vo,...,¥4) = >_ y° and polyhedron C;
seCy
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Analysis of Partitioning
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How to Compute Generating Function of Polyhedron?

o d=2Cpy ={(50,5,%) € Nj | 50>}

He(yo,yiy2) = Y. vy = > y&tiyiys
1 50>52>0,51>0 51,52,u=>0
/ \2 1
P = > B y)* =

(1= y0)(1 = y1)(1 — yoy2)

s1,5,u>0
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Analysis of Partitioning
[e] Je]e]

How to Compute Generating Function of Polyhedron?

o d=2Cy ={(50,5,%) € Nj |5 > s}

He(yo,yiy2) = Y. vy = > y&tiyiys
1 50>52>0,51>0 51,52,u=>0
/ \2 1
P = > B y)* =

s1,52,u>0 (1 - yo)(]. - yl)(]- - }/0}/2)
o d= 3, Ctl = {(50751a52753) € Ng | 51 > S3, S0 > s+ s3+ ]_}

— s0,,51,,52.,53
Htl()’o,}’1,)/27}/3) = § oY1 Yo' Y3
512>5320,50>52+53+1,5>0
1 _ sp+s3+v+1, s3tu sp. s3
/N = E , Yo i ¥o'y3
/ 2 N 52,53,u,v>0
3
/N Yo 1 1 1

1—yol—=—y1l—=yoy21—yoy1y3
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Analysis of Partitioning
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MacMahon's Omega Calculus

Q-Operator

2Y Torv- ¥ e

sE]N(‘)"*'1 rezm SGIN(‘)H'1 reNg

@ applying
e remove summands corresponding to negative exponents of A
o keep summands corresponding to non-negative exponents of A
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Analysis of Partitioning
[e]e] e}

MacMahon's Omega Calculus

Q-Operator

2Y Torv- ¥ e

sE]N(‘)"*'1 rezm selNg'*'l reNg

applying
e remove summands corresponding to negative exponents of A
o keep summands corresponding to non-negative exponents of A

polyhedron C = {s € Nd*1 | Ms > —b}

Mj,‘S,'-i-bj

. . . s
inequality contributes >‘j i=0

generating function

b.

I\
H(YOw--aYd):Z}/s: S M
seC [Te(1—yi I A7)

e}
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Analysis of Partitioning
[e]e]e] ]

Applying Omega

@ based on partial fraction decomposition
@ hundreds of thousands summands
in multivariate Laurent polynomials
@ cut polyhedron into many parts
e handle equations (and moduli)
@ handle “simple” inequalities directly
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Analysis of Partitioning
[e]e]e] ]

Applying Omega

Result for d = 4

(1 2 R(z) = 19072

based on partial fraction decomposition
hundreds of thousands summands

in multivariate Laurent polynomials
cut polyhedron into many parts

handle equations (and moduli)

handle “simple” inequalities directly

1744

~75(1 - 2)2
48(3z2 — z +3)

75(1 — 2)
48(5123 + 1422 + 14z + 51)

T 5(1+z+22+ 2% + 24)?

24

25(1+z+ 22+ 23 + z4)
8(3z-2)  8(19z+ 16)

24

* (1+z+ 22)3

with R(z) = (L) ((1 - 2) P(2))

3(1+z+ 2?2) 14z

(14 z+ 2%)?

&

4
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Back to Quicksort
@000

Solving the Multi-Pivot Quicksort Recurrence

@ expected values

d d n—d
Co=P;+Y Cs, = E(G)=EP)+> > EGC)P(S =s)
i=0 i=0 s;=0
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Back to Quicksort
@000

Solving the Multi-Pivot Quicksort Recurrence

@ expected values

d d n—d
Co=P;+Y Cs, = E(G)=EP)+> > EGC)P(S =s)
i=0 i=0 s;=0

o differential equation

& 0-2(L) @ - =a-27(5) Pe)
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Back to Quicksort
@000

Solving the Multi-Pivot Quicksort Recurrence

@ expected values

d d n—d
Co=P;+Y Cs, = E(G)=EP)+> > EGC)P(S =s)
i=0 i=0 s;=0

o differential equation

& 0-2(L) @ - =a-27(5) Pe)
@ solution
C(2) = Q(2) + (I, 0 ln, 0+ 014,) ((d F1)Q(z) + (1 z)d(:—z)d P(z))
with

o (Lf)(z) = (1—2)—° 5(1 o1 (t) dt
° pglynomial Q(z) )
° k; [ XK —(d+1)! = r[l(x - aj)

=
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Back to Quicksort
[e] Je]e]

Singularity Analysis & Transfers

@ operator [, for z — 1

1 1 1 1

o Ia (]_—Z)B B Oé—ﬁ ((1_Z)a _(1_2)[3)
fora #

] (Ialo..-o ak)(l_z)_ﬂ(_log(l_z))l:”'
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Singularity Analysis & Transfers

Back to Quicksort
[e] Je]e]

@ operator [, for z — 1

1 1 1 1
N ((1—z>a - (1—z)ﬂ>
fora #
o (loyo0-+-0ly)(l— z)_B (— log(1 — Z))Z =
Transfer
o f(z)=0((1—2)P) forz—1
with f*(s) = fo )*LF(t)dt
_ f*(a) _,
(1h)(2) = =gy + 01 =2))
for Re g < Rea

Multi-Pivot Quicksort
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Back to Quicksort
[e] Je]e]

Singularity Analysis & Transfers

@ operator [, for z — 1
R S 11
A= a-B\0-2r (-2
fora #
o (fayo--0ly)(1—2) P (—log1—2))" = ...
Transfer

o f(z)=0((1—2)P) forz—1
with f*(s) = fo —t)*"Lf(t)dt

_ f*(a)
(Iaf)(z) - (1 )

+O((1—z) )

for Re g < Rea

@ operator I, forz—=p#1,eg.d=4,p= Cé(o
o (loyo---0ly,) (1—%)_6(—Iog(1—§))e:
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Back to Quicksort
[e]e] e}

The Result

Theorem (ADHKP 2016)
expected number of key comparisons
in dual pivot quicksort
with the optimal partitioning strategy “Count” is

%nH,7 — %nHalt n—+ 2 H, @ harmonic numbers
3 pyalt ( 1)n o Ho=3>1,1/i
—H o o H* =31, (-1)/i
= 9n Iog n+ An+ Blogn+ C @ constant of linear term
1 89
LD E L CIFG L o1 A=3y+glog2—

= —2.3823823670652. ..

asymptotically as n — oo @ explicit constants B, C, ...
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al Partitioning s of Partitioning Back to Quicksort
O [e]e]e] ]

e Result

Theorem (Heuberger—K 2017)
o expected number of key comparisons
in trial pivot quicksort
with the optimal partitioning strategy is

133nIogn—l—An—l— Blogn+ O(1)

o A=23y— Z/Br+ ;log3+ % log2 — 5§78 = —2.24995 . ..
e B= Z?T;
@ expected number of key comparisons
in quadral pivot quicksort

with the optimal partitioning strategy is
238 nlogn+ An+ Blogn+ O(1)
o A = skipped = —2.20515. ..

48823
° B= 30
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